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We presenta mathematical link betweenSchelling's socio-economianodel of
segegationand the physicsof clustering. We replacethe economicconceptof
“utility” by the physicsconceptof a particle' sinternal enemy. Asaresult,clus-
ter dynamicsis drivenby the “surface tension” force. The resultantsegregated
areascan be very large and can behave lik e spherical “liquid” dropletsor as
a collection of static clustersin “fr ozen” form. This modelwill hopefully pro-

vide a useful framework for studying many spatial economicphenomenathat

involve individuals making location choicesasa function of the characteristics

and choicesof their neighbors.

At the endof the 60's Tom Schelling, (for a summarysee[1, 2]), introduceda model of
segregationin which individuals, living on a lattice, chosewhereto live on the basisof the
color of their neighbors.He shovedthatevenif peopleonly have a very mild preferenceor

living with neighborsof their own color, asthey move to satisfythesepreferencescomplete
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segregationwill occur Thisresultis consideredurprisingandhasgenerated largeliterature.
The structureof the seggregatedareasis known to be relatedto the free spaceavailable and
the exact speci cation of the rulesthat govern how individuals move. However, no general
analyticalframeavork which encompassedall the variantsof the modelhasyet beenproposed.

Theoriginal modelwasvery simple. Take a large chesshoard,andplacea certainnumber
of blackandwhite countersontheboard,leaving somefreeplaces A counterprefersto beona
squarewherehalf or moreof the counterdn his Mooreneighborhoodhis 8 nearesheighbors)
areof its own color (utility 1) to the oppositesituation(utility 0). Fromthe counterswith utility
zero,oneis choseratrandomandmovesto a preferredocation. This model,whensimulated,
yields completesggregationeven thoughpeoples preferencedor beingwith their own color
arenotstrong.

We shav that somesimple physicaltheory canexplain the segregationphenomenavhich
have beenobsenedin thenumerouvariantson Schellingsoriginalmodel. Thevariantsnvolve
modifyingtheform of theutility functionusedoy Schelling thesizeof neighborhoodgherules
for moving, andtheamountof unoccupiedpace(see€[3] for asurney). Oneattemptto provide
aformalstructuréhasbeenmadeby [4]. They however, examinethelimit of aLaplacianprocess
in whichindividuals' preferencesarestrictly increasingn the numberof like neighborsin this
situationit is intuitively clearthat thereis a strongtendeng to segregation. Yet, Schellings
resulthasbecomeamouspreciselybecausehe preferencesf individualsfor segregationwere
not particularly strong. Anotherrelatedapproachis that of [5] who studiesthe evolution of
clustersandstripsin atwo dimensionaktellularautomaton.

The Schellingresultis of interestto economistdecausat illustratesthe emegenceof an
aggrgatephenomenomhichis notdirectly foreseerfrom theindividual behaior andbecause
it concernsan importanteconomicproblem,that of segregation. Our analysisexhibits three

featuresof theresultantsegregation. The rst is the organizationof the systeminto “regions”



or clusters,eachcontainingindividualsof only onecolor andthe natureof theseclusters.We
explain the shapeof the frontier betweernthe regions. The secondeatureis the importanceof
the numberof emptyspacesn determiningthe nal clustercon guration. We explaintherole
of thefree spaceandhow it windsup asa “no-man's land” betweerclusters.The third aspect
concernghe ruleswhich governthe movementof individuals. For example,we candecideto
move agentonly to emptyspace®r we canallow agentgo swap placesor we canallow only
local movementas opposedo movementover ary distance.We explain how andwhy these
rulesmatter

The Schellingmodelis basedon the standarddeain economicghat an individual agent
makes decisionsbasedon his preference®r utility function. This ideacanbe interpretedn
physicaltermsas sayingthat decisionsare driven by changesn the internalenegy. Indeed
therehasbeenalong debatén economic®vertheuseof thisanalogy[6]. In ourinterpretation,
the agents satistctionis equivalentto the enepgy storedin him. An increasan happinesss
a decreasén theinternalenegy. An agent.therefore wantsto minimize his enegy whichis
generateckither by taking someactionor throughthe interactionwith his ernvironment. The
Schellingmodelassumeshatthe agents utility depend®n herlocal environmentandthatshe
movesif the utility falls below a certainthreshold.

A physical model: Giventhis interpretationrwe cannow switch completelyto the physics
analogyby treatingagentsasphysicalparticles.In the Schellingmodelutility dependnthe
numberof like andunlike neighbors.In the particleanaloguehe internalenegy dependsn
the local concentratior{numberdensity)of like or unlike particles. This analoguds atypical
modeldescriptiorof microphysicalnteractionsn dynamicalphysicalsystem®f gasesliquids,
solids,colloids,solutions gtc. Interactiondetweemarticlesaregovernedoy potentialenepies,
which resultin inter-particleforcesdriving particles'dynamics.

The goal of suchmodelsis to studythe collective behaior of alarge numberof particles.



In the Schellingmodelthe numberof particlesis consered and the total volume in which
they move is constan{thatis, theunderlyinggrid is x ed). Sinceparticlesdo notgainor lose
enegy dueto the movementitself, the pressurecanbe consideredasconstant. The systemis
not closed,however, becausehe enepgy lost by a particleis not transferredo otherparticles,
but transmittecbut of the system.Similarly, a particlecangainenegy from outsidethe system
whenan unlike particlemovesinto the neighborhoodandlowersthe particle's utility. Hence,
the systemchangests enegy only by emitting or absorbingradiationandnot by changingits
volumeor pressurer numberof particles.

The basictendeng of sucha physicalsystemis to minimizeits total enegy. Here,it can
only achiere this goalby arrangingparticlesinto structuregclustershatreducetheindividual
internal enegy of as mary particlesas possible. In otherwords, interparticleforcesinduce
particlesto clusterandthe formationandstability of a clusteris determinedby theseforces.
Clearly, the only particleswhoseenegy may changeare thoseon the surface of a cluster
Hence,all we needto do is to look at the behaviorof this force on the surfaceof a cluster
to seeif the surfacewill bestableor if it will undego deformationsaandripping.

A preparatorystepfor the analysisof interparticleforcesis to transformthe discretized
lattice of the Schellingmodelinto a continuousmedium. We replacethearea A of alattice
cell with adifferentialareadA. In the discretecasethis areais populatedwith only oneagent
or it is empty but in generaltermsit is N numberof agents.In the continuousmodelthis
translatesnto dN, which thengivesthe numberdensityof particlesn(r) = dN=dA ata point
. The Schellingmodeldoesnot allow for morethanoneparticleat a lattice cell, hencen is
constanfcrossa cluster

Next we transformthe utility function from countingthe individualsin a neighborhood
aroundan agentinto the measuremenf the total solid angle coveredby differentparticles

arounda differentialareadA (Figurel). Utility is replacedwith enegy ( ), with high utility



correspondingo low enegy andvice versa. We, thus, have the total enegy dE = n ( )dA
storedin dA or enegy perunit areadE=dA = n ( ). Sincewe areinterestedn the cluster
surface,we take a differential length dL of the surfaceand write its enegy per unit length
asd = n ()dL. Thetotal surfaceenegy of a clusteris anintegral of d over the whole
clustersurface. A clusters dynamicsis driven by its trying to minimize this surfaceeneny.
In physics, is usuallycalled surfacetension Noticethatd dependsn the local surface
curvaturebecauseave choosedL smallenoughto be a contactpoint of only two clusters(case
din Figurel).

If we take alocalgradientalongdL thenwe endup with thetensionforce
FO= € re(0;= n( @G 1)

wherel is aunit vectoralongdL. Thesameforce, but in the oppositedirectioncanbe derived
for . Theequatiorshavsthatspecifyingheutility functionamountgo specifyinghesurface
tensionforceof a cluster, wheretheforceis a functionof thelocal curvature (r). We canthen
predictthe behaior of a cluster and,asa result,that of the whole system for a given utility
function. Sdelling's modelis, therefore, a nite differenceversion of a differential equation
describinginterparticleforces

Cluster formation: The basicutility functionin the Schellingmodelis the stepfunction
showvn in Figure 1. The enegy is eithera constant o for > 180 or zerofor 180.
From equationl it follows that ary corvex clustersurface experienceghe tangentialforce
F = n o whichtendsto atten the surface(Figure2). Sincethe utility functiondependnly
on neighborsandignoresemptyspacegemptyspaceyields = 0, henceF = 0), aboundary
layer of emptyspacestabilizesa clusterby preventingit from having direct contactwith other
clusters. The outcomeof this surfacereshapings clusterswith at surfaces.exceptfor parts

adjacento aboundarylayerof emptyspace.



Theclusterdynamicgesultingfrom equationl have beenextensively exploredin theoretical
andexperimentalphysics(seethe discussiorabout“Relatedphysicalphenomenabelon). A
detailedquantitatve description(clustersizedistribution, timescaleof clustergrowth, etc.) is
beyondthe scopeof this paperwhile the qualitatve descriptiongoesasfollows.

Whenclustersstartto grow they competefor particles. Initially, small clustersare kineti-
cally favoredbecausehey areeasyto form. If the systemdoesnot reachits enegy minimum
after this initial clusteringthen bigger clustersstartto grow by taking particlesfrom, or by
meiging with, smallerclusters.Particleson the clustersurfacerisk having low utility andthus,
are enegetically lessfavored. This meansthat bigger clustersnow becomeenepetically fa-
voredbecausef their smallersurfaceto volumeratio. Eventually one clustergrows bigger
thanthe othersandgrows until it collectsall availableparticles. Smallerclusterscanonly ex-
istif they “freeze” their particles,preventingthemfrom “evaporating”andtraveling to the big
cluster Two thingscanhappenwith big clusters.Either, clusterstouchthe systemboundaries
andthewhole systembecomesegregatedinto two distinctclustersseparatedby a at surface,
or alternatvely, a singlesphericalklusterforms away from the boundariesinceparticleshave
the sameprobability of reachingthe clusters surfacefrom ary direction.

Rules governing particle movement The exact behaior of the systemandits clusters
dependshot only on the choiceof the utility function, but alsoon the rulesgoverningparticle
movement. Theserulesdictatethe rate of evolution, while equationl dictatesthe nal con-

guration thatthe systemtendsto reach. In particular the mostimportantrule is that which
determinesvhethera particlemovesonly whenthemove decreasess enegy or whetherit can
move evenwhenits enegy remainsconstant.Theformerrule leadsto the formationof a solid
material,wherethe whole systemfreezesafter all particlesreachtheir minimum possibleen-
ergy or staystrandedat higherenegieswhenthereis no availablelocationthatwould decrease

their enegy. The latter rule correspondgo a liquid systemwhereall particlesmove all the



time. In the economiccontext this rule correspondso the casewhereindividualsmay change
locationsfor reasongexogenoudo the modelprovided the new locationis not worsein terms
of the simple utility function. In the physicscontext theserulesare equivalentto the particle
mobility, wheresolidsandglassesave very little or no particlemobility, while liquids have a
limited particlemobility.

Anotherimportantrule determineshow far a particle canmove. Onerule could allow a
particleto move to the closestacceptabléocation. Anothercould allow particlesto randomly
choosebetweerall acceptabldéocationsregardlesof their distance Economicallythe distinc-
tion betweenthe two would correspondo the costof moving. In the physicalcontext the two
rulescorrespondo slow andfastdiffusionratesrespectiely. Similarly, if we allow particlesto
swap placesthatis, move evento non-emptylocations thentherearetwo caseslf only short
jumpsareallowed,thenwe slow down theevolution of thewhole systembecausgarticleswill
move mostlyto their rst neighborslf jumpsto ary distanceareallowedthe oppositehappens
andthediffusionratebecomeshigh andthe whole systemwill evolve very quickly.

Boundary conditions. Whenthe systemevolvesinto a few big clustersthenits boundary
conditionsbecomeamportant. In the caseof non-periodicboundarieghe latter are equivalent
to emptyspaceandclusterswill tendto stayin contactwith the systems boundaryedges.If
theboundariesreperiodic,lik e thesurfaceof atorus,thenthesystemis in nite. A clustercan
eventuallyseeonly its mirror clusterdueto periodicity. If a clustertouchests imageit forms
anin nite strip. If they do nottouchthena clusterhasto becomespherical.

Herewe shav somerepresentatie casef the Schellingmodelbasedon the abore men-

tionedrules. Theutility functionis describedhsa stepfunction

1 if theproportionof unlike neighbors X, 2)

utiity = the proportionof unlike neighbors> x.

Sincethesmallesttepin thefractionof unlike neighborsonarectangulagridsis 1/8, we shov



exampleswith x = 3=8, x = 1=2 andx = 5=8. In addition,we look attherole of emptyspace
by changinghe numberof emptycells.

Figure3 shawvs the nal resultsof the Schellingmodelon a 100x100grid, with the same
numberof redandblueagents.They areallowedto move only to thenearesemptyspacenhich
wouldincreaseheir utility. Noticehow the nal clustersizesarebiggerfor smallerx becausa
smallerx meansalsoa smallertoleranceof agentdo diversity. Also, theclustersizeincreases
if the numberof emptyspacess reducedsinceempty spaceprovidesboundarylayerswhich
stabilizeclusters.

If we let agentsmove whentheir utility remainsconstanthenthe systembehaeslike a
liquid. Initially the systemquickly developssmall clusters,but thena slow evolution toward
larger clustersfollows. Figure4 shaws this evolution after millions of stepson a non-periodic
grid. As we predictedabove, the systemevolvestoward onebig clusteror very few clusters.In
the caseof x = 1=2 the clustersurfacetendsto form at surfacesaspredictedby the surface
tensionforcesin Figure2. In x 6 1=2 caseghe surfaceis bumpy andirregular, with empty
spaceproviding a boundarylayer when needed. Figure 5 shaws the evolution of x = 1=2
systemwhenthe grid is periodic. Now the systemevolveseitherinto a sphereor anin nite
strip, following the surfacedynamicsdescribedn Figure2. If agentsareallowedto swap with
otheragentghe behaior of the systemis modi ed asillustratedin Figure6. Whenonly local
swapsare permittedthe systemmovesvery slowly to large clusters. If agentsare allowed to
move anywhere,however, the systemsegregatesvery rapidly.

Related physical phenomena Segregation of particlesis a commonandwidely studied
naturalphenomenonThe clusteringbehaior displayedby the Schellingmodelhasanalogues
in physics. Herewe list only a few illustrative examples,sincea detailedreview of the vast
literaturein physicsonthesesubjectss beyondthescopeof thiswork. A typicalinitial setupfor

the Schellingmodelinvolvesrandomizegositionsof particlesin thesystem.Thisis equivalent



to, for example violently shakinga mixtureof oil andwaterto form anemulsion.After thatwe
let thesystemevolve andreachits equilibriumcondition. Differenttypesof utility functionswill
have differentequialentphysicalsystems.Thesewill have differentunderlyinginterparticle
forces.Thesedifferencesill generatevariationsin the nal clustershapesttained.Theseare,
in general eithercompletelyirregular (amorphouspr well structured.Glassis anexampleof
theformerandcrystalsor liquid dropletsof thelatter.

Crystalgrowth is an examplewherea big clustercangrow by taking over individual par
ticlesfrom smallerclusters.This phenomenois known as“Ostwald ripening”. Alternatively,
a big clustercangrow by directly incorporatingsmallerclusters. This phenomenoris called
“Smoluchavski ripening”. Reshapingf the surfacedueto surfacetensionis known as*“sur-
face(or edge)diffusion”. All thesephenomenarewell knownin thephysicsof metalsurfaces.
Therethe evolution of fewer but larger nano-structuresut of mary smallernano-structures,
a phenomenomenerallyknown as“coarsening”,is actively studied(e.g. [7, 8, 9, 10]). The
Schellingmodelis, therefore just a discretizednodelof suchphysicalphenomenaPhysical
modelssimulatingatomor clusteraggrgationcloselyresembldhe Schellingmodel[11]. Ex-
tensionsf the Schellingmodelto includemorethanthe rst neighbordn thede nition of the
utility function[12] correspondo medium-or long-ranganteractionsetweerparticleswhich
canresultin gas-like equilibrium lacking segregation patterns. The physicsof colloidsis an-
otherphysicalanaloguewhich closelyresembleshe Schellingmodel,with theoreticaimodels
anddirect obsenationsshawing clusterformation[13, 14, 15]. Notice, however that despite
somesimilaritiesin clustering,the Schellingmodelis differentfrom the Ising model[16] be-
causet doesnot changethe color of particles. We areinterestedn the clusteringof particles
by theirtypeandnot by theirinternalenegy, whichis the propertyof the Ising model.

Conclusion We proposea simplephysicalanalogyto the Schellingmodelof segregation.

This allows to shov how the variousingredientsof the modelsuchasthe rulesfor moving, the



utility functionsof individualsandthe amountof vacantspacecanin uence the spatialsegre-
gationpatternghatcanoccur The basicmodel,whichis well known in the physicsliterature,
providesa goodanalyticalframework for studyingthe basicSchellingmodelandall its vari-

ants.It shaws clearlyhow the enegy of individualswho areon thefrontier of their own group
drivethetendeny to cluster while therulesgoverningmobility determineghepreciseform that
the seggregatedclusterswill take. The model could be usedto study more generalsituations
in which segregationoccurs. For example,it would be interestingto analyzecasesn which

incomealsoplaysa partin segregation[17], andto examineempiricalregularitiessuchasthose

foundby [18] for the evolution of segregationin Chicago.
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Figure 1. Transition from a nite differencemodel into a continuous model. The Schellingmodel (left
panel)canbeconsideredsa nite differenceversionof amoregenerakontinuousnodel(right panel).Insteadof
countingneighboringndividualgrid cells,we canuseangularcoveragearounda pointwhereoneneighboringgrid
cellonarectangulagrid correspondso 45 angularcoverage ln thiswaythecell con guration(a) is transformed
into (c) and(b) into (d). White representemptyspace.Utility is the mirror of enegy: high utility meandow
enegy andvice versa. Enegy is a function of the anglecoveredby unlike neighborswhile utility dependsn
thenumber or proportion,of unlike neighboringcells. Now we have a completedescriptionof thetransformation
from the Schellingmodelinto its physicsanalogue.
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Figure2: Forcesin a continuous version of the Schellingmodel. The evolution of clusterscanbe analyzed
by consideringthe forceson the surfaceof a cluster wherethe utility functionde nes the surfacetensionforce
(equatiorl). a shavsforcesonin nitesimally smallsectiongL of thesurfacewhenx = 0:5in theutility function
from equation2. Vectorcolorscorrespondo the color of the clusterexperiencingtheseforces. b, ¢ andd shawv
a sequenceén surfaceevolution. The forceshave atendeng to atten the surface(b! d), but this processwill
go throughanintermediatephase(solid arranvs), wherethe surface attens rst locally (b! ¢! d), if agentsare
allowedto move only to the closestavailablelocation. The evolution is faster(hollow arraw) if agentscanmove
ary distancebecausehenthey canimmediatelyparticipatein attening of thewhole cluster Empty spacgwhite
regionsin the gure) canform aboundarylayerwherethe surfacecanmaintainits irregularshape.
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Figure 3: The Schelling model forming a solid structure. This gure is a mosaicof resultsbasedon the
Schellingmodelwhenagentsareallowedto move only if their utility strictly increasegthatis, enegy decreases).
This restrictionbringsthe whole systemto halt after all agentseachtheir maximumutility. In the contet of the
physicalanaloguewe cansaythatthe systemis “frozen” into a solid. The utility is givenin equation2 andthe
gure shaws resultsfor threevaluesof x: 0.375=3/8,0.5=1/2,and0.625=6/8.The grid sizeis 100 100andthe
numberof blue andred agentsis the same. The numberof emptycellsis indicatedin the gure. Arrows shav
directionsof increasectlustering.Sincea smallerx meansa strongempreferencdor neighborsof the samekind,
clusteringincrease@sthe value of x decreasesOn the otherhand,empty spaceprovidesboundarylayersthat
canstabilizeclusters.Hence,lessempty spacemeandarger clustersbecausef their smallersurfaceto volume
ratio. Notice, hawever, thatthe modelwith smallx anda smallnumberof emptyspacegx = 0:375, 200empty
cells) doesnot follow thesetrendsandremainspoorly clustered.This exceptionoccursbecausenary agentsare
strandedwith low utility, but withoutany emptyspaceo whichthey couldmove andincreaseheir utility. Periodic
boundariemnddistanceof movementalloweddo notin uence the clusteringbehaior of thesemodels.
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Figure4: The Schellingmodel asa liquid on a non-periodic grid. The Schellingmodelona 100 100grid,
with thesamenumberof redandblueagents Agentsmove evenif their utility remainghe same whichmakesthe
modelanalogoudo simulatinga liquid. Utility is givenby equation? with thevaluesof x indicatedin the gure.

Domain boundariesare non-periodic. We show the evolution of this modelfor 200 and 2000 empty cells. An

increasan thevolumeof emptyspaceesultsin moreirregularclustershapesndslower evolution becausempty
spacebehaeslike aboundaryayer( gure 2). In caseswith x 6 0:5 clusterscannotform asmoothsurface while
x = 0:5leadsto at surfacesaspredictedin gure 2. SupportinginformationMovies 1-2 shawv the evolution of

clusterswith x = 0:5.

Figure5: The Schellingmodel asa liquid on a periodic grid. Thesameasx = 0.5 in Figure4 with 2000
empty cells, exceptthatthe domainboundariesare periodic. Now the systemcanevolve into only two typesof
clusters:sphericalwhenthe clusterdoesnot enterinto contactwith anothercluster or anin nite strip, whenthe
clusterandits mirror clustermerge. In examplea movementsarelimited to theclosestppropriateemptylocation.
Theclusterevolution follows closelythe predictionfrom gure 2. b andc shov examplesvhereagentscanmaove
ary distanceto form eithera wobbling droplet(b) or a strip (c). Supportinginformation Movies 3-4 show the

evolution of theseclusters.
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Figure6: The Schellingmodel when swapping of agentsis allowed. In this gure we explore whathappens
whenagentanswap placesthatis, whenemptyspacds not requiredfor moving. Thegrid sizeis 100 100and
non-periodic.The numberof blue andred agentss 4000,with x = 0:5 for the utility from equation2. We allow
any movementthatdoesnotincur alossin utility (aphysicalmodelof liquid). a shovs amodelwhenonly jumps
to thenearestcceptabldocationareallowed. Becauseswappingis allowed, mostmovementsarenow to the rst
neighboringcells. Hence agentdiffusevery slowly from onepartof the domaininto anotherandthe evolution of
thewhole systemis very slow. The oppositehappensvhenagentscanjump to ary location,asshavnin b. The
diffusionof agentds greatlyincreasedecausemptylocationsarenot requiredfor movementary more. Agents
have alarge numberof locationsto chooserom and,therefore thewhole systemevolvesvery quickly.

16



Supportingnformation

Animation 1: (animatedGIF)

Evolution of the Schellingmodelfor x = 0:5 (equation2), 4000red and4000blue agentsand
2000emptycellsonal00 100non-periodigrid whenagentsareallowedto move evenif they
do not strictly improve their utility (see gure 4). This animationshows the casewhenagents
have to move to the closestacceptableell. Eachanimationframeis 1 million stepsandthe
total durationis 50 million stepg50 frames).
http://vinkovic.org/Projects/Schelling/PAS/animatianl.gif

Animation 2: (animatedGIF)

ThesameasAnimation 1, exceptthatagentsareallowedto move ary distance
http://vinkovic.org/Projects/Schelling/PAS/animatian?2.gif

Animation 3: (animatedGIF)

The sameas Animation 1, exceptthatthe grid boundariesare periodic (see gure 5) andthe
animationis 173millions stepdong
http://vinkovic.org/Projects/Schelling/PAS/animatian3.gif

Animation 4: (animatedGIF)

ThesameasAnimation2, exceptthatthe grid boundariesreperiodic(see gure 5)

http://vinkovic.org/Projects/Schelling/PAS/animatian4.gif
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